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Quantum Dot Spin Filter in Resonant Tunneling and Kondo Regimes
Mikio Eto∗ and Tomohiro Yokoyama
Faculty of Science and Technology, Keio University, 3-14-1 Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan
A quantum dot with spin-orbit interaction can work as an efficient spin filter if it is connected
to N (≥ 3) external leads via tunnel barriers. When an unpolarized current is injected to a
quantum dot from a lead, polarized currents are ejected to other leads. A two-level quantum
dot is examined as a minimal model. First, we show that the spin polarization is markedly
enhanced by resonant tunneling when the level spacing in the dot is smaller than the level
broadening. Next, we examine the many-body resonance induced by the Kondo effect in the
Coulomb blockade regime. A large spin current is generated in the presence of the SU(4) Kondo
effect when the level spacing is less than the Kondo temperature.
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The generation of spin current with no magnetic field
or ferromagnets is an important issue for spin-based elec-
tronics, “spintronics.”1) In this context, the spin-orbit
(SO) interaction has attracted much interest. For con-
duction electrons in direct-gap semiconductors, an ex-
ternal potential U(r) results in the Rashba SO interac-
tion2, 3)
HRSO =
λ
~
σ · [p×∇U(r)] , (1)
where p is the momentum operator and σ is the Pauli
matrices indicating the electron spin s = σ/2. The cou-
pling constant λ is markedly enhanced by the band ef-
fect, particularly in narrow-gap semiconductors, such as
InAs.4, 5) The spatial inversion symmetry is broken in
compound semiconductors, which gives rise to another
type of SO interaction, the Dresselhaus SO interaction.6)
It is given by
HDSO =
λ′
~
[
px(p
2
y − p
2
z)σx + py(p
2
z − p
2
x)σy
+pz(p
2
x − p
2
y)σz
]
. (2)
In the presence of SO interaction, the spin Hall ef-
fect (SHE) produces a spin current traverse to an electric
field applied by the bias voltage. Two types of SHE have
been intensively studied. One is an intrinsic SHE, which
is induced by the drift motion of carriers in the SO-split
band structures.7–9) The other is an extrinsic SHE caused
by the spin-dependent scattering of electrons by impu-
rities.10) Kato et al. observed the spin accumulation at
sample edges traverse to the current,11) which is ascrib-
able to the extrinsic SHE with U(r) being the screened
Coulomb potential by charged impurities in eq. (1).12)
In our previous studies,13, 14) we theoretically examined
the extrinsic SHE in semiconductor heterostructures due
to the scattering by an artificial potential created by an-
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tidots, STM tips, and others. The potential is electri-
cally tunable. We showed that the SHE is significantly
enhanced by the resonant scattering when the attrac-
tive potential is properly tuned. We proposed a three-
terminal spin-filter including a single antidot.
In the present letter, we study the enhancement of
the “extrinsic SHE” by resonant tunneling through a
quantum dot (QD) with a strong SO interaction, e.g.,
InAs QD.15–18) The QD is connected to N external leads
via tunnel barriers. In the QD, the number of electrons
can be tuned, one by one, owing to the Coulomb block-
ade when the electrostatic potential is changed by the
gate voltage Vg. The current through a QD shows a peak
structure as a function of Vg (Coulomb oscillation). We
use the term SHE in the following meaning: For N ≥ 3,
when an unpolarized current is injected to the QD from
a lead, polarized currents are ejected to the other leads.
In other words, the QD works as a spin filter. First, we
examine the SHE around the current peaks, where the
resonant tunneling takes place. We show that the spin
polarization is markedly enhanced when the energy-level
spacing in the QD is smaller than the level broadening
due to the tunnel coupling to external leads. Next, we ex-
amine the many-body resonance induced by the Kondo
effect in the Coulomb blockade regime with spin 1/2 in
the QD. We obtain a large spin current in the presence
of the SU(4) Kondo effect when the level spacing is less
than the Kondo temperature.
We assume that the SO interaction is present only
in the QD and that the level spacing in the QD is com-
parable to the level broadening Γ (∼ 1 meV), in accor-
dance with experimental situations.15–18) The strength
of SO interaction, ∆SO in eq. (3), is approximately 0.2
meV.16–18) As a minimal model, we examine two levels
in the QD. Note that previous theoretical papers19–22)
concerned the spin-current generation in a mesoscopic
region, or an open QD with no tunnel barriers, in which
1
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Fig. 1. Model for a quantum dot connected to N external leads
(N ≥ 2). The quantum dot has two energy levels, εj (j = 1, 2),
which are coupled to lead α by Vα,j [α =S or Dn, n = 1, · · · , (N−
1)]. An unpolarized current is injected from lead S and ejected
to the other leads. The spin-orbit interaction is present in the
quantum dot.
many energy levels in the QD participate in the trans-
port.
We examine a two-level Anderson model with N (≥
2) leads, shown in Fig. 1. The energy levels in the QD are
denoted by ε1 and ε2 before the SO interaction is turned
on. In the absence of magnetic field, wavefunctions of
the states, i.e., 〈r|1〉 and 〈r|2〉, can be real. In the case
of Rashba SO interaction, the orbital part in eq. (1) is
a pure imaginary operator, and hence it has off-diagonal
elements only; 〈2|HRSO|1〉 = ihSO · σ/2 with ihSO/2 =
(λ/~)〈2|(p ×∇U)|1〉. If the quantization axis of spin is
taken in the direction of hSO, the Hamiltonian in the QD
reads
Hdot =
∑
σ=±1
(d†1,σ, d
†
2,σ)
(
εd −
∆
2
τz + σ
∆SO
2
τy
)(
d1,σ
d2,σ
)
+Hint, (3)
where d†j,σ and dj,σ are the creation and annihilation op-
erators of an electron with orbital j and spin σ, respec-
tively. εd = (ε1 + ε2)/2, ∆ = ε2 − ε1, and ∆SO = |hSO|.
The Pauli matrices, τy and τz, are introduced for the
pseudo-spin representing level 1 or 2. Hint describes the
Coulomb interaction between electrons. The same form
of the QD Hamiltonian is derived similarly in the case of
Dresselhaus SO interaction in eq. (2).23) Note that the
level spacing would be
√
∆2 + (∆SO)2 in an isolated QD.
The state |j〉 in the QD is connected to lead α by
tunnel coupling, Vα,j (j = 1, 2), which is real. The tunnel
Hamiltonian is
HT =
∑
j=1,2
∑
α,k,σ
(Vα,jd
†
j,σcαk,σ + h.c.)
=
∑
α,k,σ
Vα[(eα,1d
†
1,σ + eα,2d
†
2,σ)cαk,σ + h.c.],(4)
where cαk,σ annihilates an electron with state k and spin
σ in lead α. Vα =
√
(Vα,1)2 + (Vα,2)2 and eα,j = Vα,j/Vα.
We introduce a unit vector, eα = (eα,1, eα,2)
T . Vα is
controllable by electrically tuning the tunnel barrier,
whereas eα is determined by the wavefunctions 〈r|1〉 and
〈r|2〉 in the QD and hardly controllable for a given cur-
rent peak. ({eα} and ∆ vary from peak to peak during
the Coulomb oscillation. We can choose a peak with ap-
propriate parameters for the SHE in experiments.)
We assume a single channel of conduction electrons
in the leads. The total Hamiltonian is
H =
∑
α
∑
k,σ
εkc
†
αk,σcαk,σ +Hdot +HT. (5)
The strength of the tunnel coupling is characterized
by the level broadening, Γα = piνα(Vα)
2, where να is the
density of states in lead α. We also introduce a matrix
of Γˆ =
∑
α Γˆα with
Γˆα = Γα
(
(eα,1)
2 eα,1eα,2
eα,1eα,2 (eα,2)
2
)
. (6)
An unpolarized current is injected into the QD from
a source lead (α =S) and output to other leads [Dn;
n = 1, · · · , (N − 1)]. The electrochemical potential for
electrons in lead S is lower than that in the other leads
by −eVbias. The current with spin σ = ± from lead α to
the QD is written as
Iα,σ =
ie
pi~
∫
dεTr{Γˆα[fα(ε)(Gˆ
r
σ − Gˆ
a
σ) + Gˆ
<
σ ]}, (7)
where Gˆrσ, Gˆ
a
σ, and Gˆ
<
σ are the retarded, advanced, and
lesser Green functions in the QD, respectively, in 2 ×
2 matrix form in the pseudo-spin space.24) fα(ε) is the
Fermi distribution function in lead α. In the absence of
electron-electron interaction, Hint, the conductance into
lead Dn with spin σ is given by25)
Gn,σ = −
dIDn,σ
dVbias
∣∣∣∣
Vbias=0
=
4e2
h
Tr[Gˆaσ(εF)ΓˆDnGˆ
r
σ(εF)ΓˆS],
(8)
where the QD Green function is
Gˆr±(ε) =
[(
ε− εd +
∆
2 ±i
∆SO
2
∓i∆SO2 ε− εd −
∆
2
)
+ iΓˆ
]−1
(9)
and εF is the Fermi energy.
Now, we discuss the SHE in the vicinity of the
Coulomb peaks. The electron-electron interaction is ne-
glected in this regime. From eqs. (8) and (9), we obtain
Gn,σ =
e2
h
4ΓSΓDn
|D|2
[
g(1)n + g
(2)
n,σ
]
, (10)
g(1)n =
[(
εF − εd −
∆
2
)
eDn,1eS,1
+
(
εF − εd +
∆
2
)
eDn,2eS,2
]2
, (11)
g
(2)
n,± =
[
±
∆SO
2
(eS × eDn)z
2/??
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Fig. 2. Calculated results of the conductance G1,± as a function
of energy level, εd = (ε1+ ε2)/2, in a three-terminated quantum
dot. Solid (broken) lines indicate the conductance G1,+ (G1,−)
for spin σ = +1 (−1). The level broadening by the tunnel cou-
pling to leads S and D1 is ΓS = ΓD1 ≡ Γ (eS,1/eS,2 = 1/2,
eD1,1/eD1,2 = −3), whereas that to lead D2 is (a) ΓD2 = 0.2Γ,
(b) 0.5Γ, (c) Γ, and (d) 2Γ (eD2,1/eD2,2 = 1). ∆ = ε2−ε1 = 0.2Γ
in the main panels and ∆ = Γ in the insets. ∆SO = 0.2Γ.
+
∑
α
Γα(eDn × eα)z(eS × eα)z
]2
, (12)
where D is the determinant of [Gˆrσ(εF)]
−1 in eq. (9),
which is independent of σ, and (a × b)z = a1b2 − a2b1.
Let us consider two simple cases. (I) When ∆≫ Γα and
∆SO, Gn,σ consists of two Lorentzian peaks as a func-
tion of εd, reflecting the resonant tunneling through one
of the energy levels, ε1,2 = εd ∓∆/2:
Gn,σ ≈
4e2
h
ΓSΓDn
∑
j=1,2
(eDn,jeS,j)
2
(εj − εF)2 + (Γjj)2
, (13)
where Γjj [jj component of matrix Γˆ;
∑
α piνα(Vα,j)
2] is
the broadening of level j. In this case, the spin current
[∝ (Gn,+ − Gn,−)] is very small. ∆ should be compara-
ble to or smaller than the level broadening to observe
a considerable spin current. (II) In a two-terminated
QD (N = 2), the second term in g
(2)
n,± vanishes. Since
g
(2)
n,+ = g
(2)
n,−, no spin current is generated.
26) Three or
more leads are required to observe a spin current, as
pointed out by other groups.19, 21, 27)
We focus on G1,± in the three-terminal system (N =
3). Then g
(2)
1,± = [±(∆SO/2)(eS × eD1)z + ΓD2(eD1 ×
eD2)z(eS × eD2)z ]
2. We exclude specific situations in
Fig. 3. Calculated results of the conductance G1,± as a function
of energy level, εd = (ε1+ ε2)/2, in a three-terminated quantum
dot. Solid (broken) lines indicate the conductance G1,+ (G1,−)
for spin σ = +1 (−1). The level broadening by the tunnel cou-
pling to leads S and D1 is ΓS = ΓD1 ≡ Γ (eS,1/eS,2 = 1/2,
eD1,1/eD1,2 = 3), whereas that to lead D2 is (a) ΓD2 = 0.2Γ,
(b) 0.5Γ, and (c) Γ (eD2,1/eD2,2 = −1). ∆ = ε2 − ε1 = 0.5Γ.
∆SO = 0.2Γ.
which two out of eS, eD1, and eD2 are parallel to each
other hereafter. The conditions for a large spin current
are as follows: (i) ∆<∼ (level broadening), as mentioned
above. Two levels in the QD should participate in the
transport. (ii) The Fermi level in the leads is close to the
energy levels in the QD, εF ≈ εd (resonant condition).
(iii) The level broadening by the tunnel coupling to lead
D2, ΓD2, is comparable to the strength of SO interaction
∆SO.
Figures 2 and 3 show two typical results of the con-
ductance G1,± as a function of εd (Coulomb peak). In
g
(1)
1 , eD1,1eS,1 and eD1,2eS,2 have different (same) signs
in Fig. 2 (Fig. 3): g
(1)
1 = 0 has no solution (a solution) in
−∆/2 < εd − εF < ∆/2.
In Fig. 2, the conductance shows a single peak. We
set ΓS = ΓD1 ≡ Γ. When ∆ = 0.2Γ (main panels), we ob-
tain a large spin current around the current peak, which
clearly indicates an enhancement of the SHE by resonant
tunneling [conditions (i) and (ii)]. With increasing ΓD2
from (a) 0.2Γ to (d) 2Γ, the spin current increases first,
takes a maximum in panel (c), and then decreases [con-
dition (iii)]. Therefore, the SHE is tunable by changing
the tunnel coupling. When ∆ = Γ (insets), the SHE is
less effective, but we still observe a spin polarization of
P = (G1,+−G1,−)/(G1,++G1,−) ≈ 0.25 at the conduc-
tance peak in panel (c).
In Fig. 3, the conductance G1,± shows a dip at εd ≈
εF for small ΓD2.
28) Around the dip, the spin polarization
is markedly enhanced: |P | is close to unity in panel (a).
Next, we examine the Kondo effect in the Coulomb
blockade regime with a single electron in the QD.
3/??
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The Kondo effect is not broken by the SO interac-
tion since the time-reversal symmetry holds. For the
electron-electron interaction in the QD, we assume that
Hint = U
∑
j nj,+nj,−+U
′
∑
σ,σ′ n1,σn2,σ′ , where nj,σ =
d†j,σdj,σ, with infinitely large U and U
′. The Kondo ef-
fect creates the many-body resonant state at the Fermi
level, and thus condition (ii) is always satisfied. The res-
onant width is given by the Kondo temperature TK.
29)
When TK < ∆, the upper level in the QD is irrelevant.
The spin at the lower level is screened out by the conven-
tional SU(2) Kondo effect. When TK > ∆, on the other
hand, the pseudo-spin as well as the spin are screened
by the SU(4) Kondo effect.30) The latter situation is re-
quired for an enhanced SHE since two levels should be
relevant to the resonance [condition (i)].
The crossover between the SU(2) and SU(4) Kondo
effects can be semiquantitatively described by the slave-
boson mean-field theory.31) The theory describes the
Kondo resonant state on the assumption of its presence
and Fermi liquid behavior and yields the conductance at
temperature T = 0. A boson operator b is introduced
to represent an empty state in the QD. d†j,σ = f
†
j,σb and
dj,σ = b
†fj,σ, with a fermion operator fj,σ representing
the pseudo-spin j and spin σ. Hint is taken into account
by the constraint of Q ≡
∑
j,σ f
†
j,σfj,σ + b
†b− 1 = 0. b is
replaced with the mean field 〈b〉, which is determined by
minimizing 〈H +λQ〉 with the Lagrange multiplier λ.29)
The conductance is given by eq. (10) if εd and Γα are
replaced with the renormalized ones, εd + λ (∼ εF) and
Γα〈b〉
2 (∼ TK), respectively.
Figure 4 shows G1,± as a function of εd in the three-
terminal system. The parameters are the same as those
in the main panels in Fig. 2. In the two-terminal situa-
tion (curve a; G1,+ = G1,−), the conductance increases
with decreasing εd and saturates, indicating the charge
fluctuation regime and Kondo regime, respectively. With
three leads (curves b–e), we observe a spin current around
the beginning of the Kondo regime. P ≈ 0.5 in the case
of curve e. As εd is decreased further, TK decreases and
becomes smaller than ∆, which weakens the SHE. We
obtain similar results using the parameters in Fig. 3.
In summary, we have examined the SHE in a multi-
terminated QD with SO interaction. The spin polariza-
tion in the output currents is markedly enhanced by res-
onant tunneling if the level spacing in the QD is smaller
than the level broadening. The spin current is also en-
larged by the many-body resonance due to the SU(4)
Kondo effect. The SHE is electrically tunable by chang-
ing the tunnel coupling to the leads.
Hamaya et al. fabricated InAs QDs connected to fer-
romagnets.32) If a ferromagnet is used as a source lead in
our model, spin filtering is electrically detected through
an “inverse SHE.” The current to lead D1 is proportional
to (1 + p cos θ)GD1,++(1− p cos θ)GD1,−, where p is the
polarization in the ferromagnet and θ is the angle be-
Fig. 4. Calculated results of the conductance G1,± as a function
of energy level, εd = (ε1+ ε2)/2, in a three-terminated quantum
dot in the presence of Kondo effect. Solid (broken) lines indicate
the conductance G1,+ (G1,−) for spin σ = +1 (−1). The level
broadening by the tunnel coupling to lead D2 is ΓD2 = 0 (curve
a; solid and broken lines are overlapped), 0.2Γ (b), 0.5Γ (c), Γ
(d), and 2Γ (e). The other parameters are the same as those in
the main panels in Fig. 2.
tween the magnetization and hSO.
The SHE in QDs is useful for the fundamental re-
search as well as for the application to an efficient spin fil-
ter. The SHE enhanced by resonant scattering or Kondo
resonance was examined for metallic systems with mag-
netic impurities.33–35) In semiconductor QDs, we can ob-
serve the SHE due to the scattering by a single “impu-
rity” with the tuning of various conditions.
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